Abstract. The primitive ideal space Prim A of a postliminal C * -algebra A is locally quasi-compact and almost Hausdorff. If G is a locally compact group acting strongly continuously on A by isomorphisms, then Prim A becomes a G-space in a natural way. Glimm's intention was to characterize nice behaviour of such G-spaces, namely to find sufficient conditions for Prim A / G to be almost Hausdorff. In this note we give a reformulation of Glimm's theorem taking into account some addenda of M. Rieffel. We emphasize topological aspects of the theory and avoid measure theory.
Introduction
In this note we shall discuss group actions on topological spaces which do not satisfy the Hausdorff separability axiom. Throughout this text all topological groups G and topological spaces X are always understood to be T 0 : If x = y are in X such that x ∈ {y} -, then there exists an open x-neighborhood U of X such that y ∈ U .
We begin with the basic definitions and some elementary results. Lemma 1. If G is a topological group (which is T 0 ), then G is Hausdorff.
Proof. Let g 1 = g 2 be in G. Since G is T 0 , there exists a symmetric open e-neighborhood U of G such that g 1 ∈ U g 2 . Choose a symmetric open e-neighborhood W of G such that W 2 ⊂ U . Now it is easy to see that W g 1 and W g 2 are disjoint open neighborhoods of g 1 and g 2 respectively.
Definition 4. Let G be a topological group and X a transitive G-space. We say that X is a homogeneous space if ω x : G/G x −→ X, ω x (gG x ) = g ·x is a homeomorphism for one and hence for all x ∈ X.
Lemma 3 implies that every homogeneous space is Hausdorff.
Let X be a G-space and x ∈ X. The orbit G·x is a transitive G-space. By definition G·x is a homogeneous space if and only if ω x : G/G x −→ G·x is a homeomorphism with respect to the relative topology of X on G·x.
Lemma 5. Let X be a transitive G-space of a topological group G. Then X is a homogeneous space if and only if N ·x is an x-neighborhood of X for every e-neighborhood N of G and every x ∈ X.
In the sequel we will investigate whether the orbit space X/G of a G-space X has nice topological properties. In particular we shall be concerned with the question if orbits are locally closed. 
The Open Mapping Theorem
Our aim is to prove that any G-equivariant map of a σ-compact homogeneous space X onto a Baire G-space Y is open. Further we will see that any locally quasi-compact, almost Hausdorff space is Baire. Proof.
1. Let x ∈ X be arbitrary. Since X is almost Hausdorff, there exists an open subset U of X such that U ∩ {x} -is non-empty and Hausdorff. Obviously x ∈ U because U is open, and U ∩ {x} -= {x} because U ∩ {x} -is Hausdorff. Thus {x} is locally closed.
Let x, y ∈ X be arbitrary. If y ∈ {x} -, then we are done because X \ {x} -is an open neighborhood of y not containing x. So we can assume y ∈ {x} -. Since {x} is locally closed, there exists an open x-neighborhood of X such that U ∩ {x} -= {x} does not contain y. Hence X is T 0 .
2. Let B be an arbitrary subset of X and A its closure in X. Since X is almost Hausdorff, there is a non-empty, relatively open Hausdorff subset U of A. Then U ∩ B is a non-empty, relatively open Hausdorff subset of B.
3. Zorn's Lemma shows that there exists a maximal non-empty, open Hausdorff subset U of X. Suppose that U is not dense in X. Then there exists a non-empty, open Hausdorff subset V of X \ U . Now U ∪ V is open in X and Hausdorff, in contradiction to the maximality of U . This proves our claim.
We return to our main example: Let A be a C * -algebra. We say that A is liminal if π(A) is contained in the C * -algebra K(H) of all compact operators for every irreducible * -representation π of A in a Hilbert space H. Further we say that A is postliminal if any non-zero quotient of A contains a non-zero liminal ideal. It is well-known that A ∼ = Prim A is almost Hausdorff provided that A is postliminal, see e.g. [2] . If A is liminal, then A ∼ = Prim A is T 1 . If A admits a continuous trace, then A is liminal and A ∼ = Prim A is Hausdorff.
Next we discuss Baire spaces.
Definition 9. A topological space X is called a Baire space if the intersection
It is easy to see that X is a Baire space if and only if the union ∞ n=1 A n of any sequence A n of closed subsets with empty interior has empty interior. This contraposition of the assertion in Definition 9 is used frequently.
As before let A be a (not necessarily postliminal) C * -algebra and Prim A its primitive ideal space. Let P (A) denote set of all pure states of A with the relative topology of A ′ . Choquet has shown that P (A) is a Baire space, see Appendix (B14) of [2] . From this we deduce that any locally closed subset of Prim A is a Baire space.
A G δ -subset of a topological space is a countable intersection of open subsets.
Lemma 10. If W is a G δ -subset of a locally compact space X, then W is a Baire space in the relative topology of X.
By induction we will define a decreasing sequence of compact subsets
follows that K n−1 ∩U n ∩W = ∅. As X is locally compact, there exists a compact subset
By the finite intersection property we obtain
Lemma 11. Let X be a topological space.
1. If X is Baire and U is an open subset of X, then U is Baire.
2. If U is a dense open subset of X and if U is Baire, then X is Baire.
3. If W is a G δ -subset of a locally quasi-compact, almost Hausdorff space X, then W is Baire.
Proof.
Let U n be dense and open subsets of
2. Let U n be dense and open subsets of X. Then U n ∩ U is dense and open in U .
Since U is Baire, the subset (
3. Since X is almost Hausdorff, there exists a dense open Hausdorff subset U of X by part 3. of Lemma 8. Note that U is locally compact. Since U ∩ W is a G δ -subset of U , it follows that U ∩ W is Baire by Lemma 10. For U ∩ W is dense in W , we see that W is Baire by part 2. of this lemma.
A Hausdorff topological space is σ-compact if it is a countable union of compact subsets.
A fundamental result involving Baire spaces is
Theorem 12 (Open mapping theorem). Let G be a topological group and ϕ : X −→ Y a G-equivariant map of a non-empty, σ-compact homogeneous G-space X onto a transitive G-space and Baire space Y . Then ϕ is an open map. In particular Y is a homogeneous space, too.
Proof. Let x ∈ X be arbitrary and U an x-neighborhood. We must prove that ϕ(U ) is a ϕ(x)-neighborhood. First, by continuity there is an e-neighborhood N of G such that
From this we get Y = ∪ ∞ n=0 g n L·ϕ(y) because ϕ is surjective and G-equivariant. Since Y is a Baire space, some g n L·ϕ(y) has a non-empty interior. Thus L·ϕ(y) itself has a non-empty interior. Hence there exists an element g ∈ L such that
shows us that Y is a homogeneous space: Since ν x and ϕ are open maps and ω x is a homeomorphism, it follows that ω ϕ(x) is a homeomorphism, too.
Provided that G itself is σ-compact we deduce Corollary 13. If X is a transitive G-space of a σ-compact topological group G and if X is a Baire space, then X is a homogeneous G-space.
We emphasize that in Theorem 12 we do not assume Y to be Hausdorff. However, the assumption that Y is a transitive G-space and a Baire space implies that Y is a homogeneous space and hence Hausdorff.
Glimm's Theorem
In this section we will give a complete proof of Glimm's theorem which contains necessary and sufficient condition for X/G to be almost Hausdorff. The definition of almost Hausdorff spaces is due to to J. Glimm, see [3] . A more distinct exposition can be found in Section 7 of [4] where M. Rieffel proves the following neat result.
Proposition 14 (Marc A. Rieffel, 1979) . Let G be a topological group and X an almost Hausdorff G-space. If x ∈ X such that G·x is locally compact in the relative topology of X, then G·x is locally closed in X.
Proof. We can assume that G·x is dense in X. Let y ∈ G·x be arbitrary. Since X is almost Hausdorff, there exists a non-empty open Hausdorff subset U of X. Clearly U ∩ G·x = ∅. By translation of U we can achieve y ∈ U . Since G·x is locally compact, there is a compact y-neighborhood V of G·x such that V ⊂ U ∩ G·x. Let W be an open subset of U such that W ∩ G · x is equal to the interior of V . We shall show that W ∩ G·x ⊂ G · x: Let z λ be a net in G · x which converges to z ∈ W . Clearly z λ ∈ W ∩ G·x ⊂ V for λ ≥ λ 0 . Since V is compact, z λ has a subnet converging to z 0 ∈ V . For limits are unique in the Hausdorff subset U , it follows z = z 0 ∈ G·x. This proves G·x to be locally closed.
The open mapping theorem and the preceding proposition allow us to characterize the well-behaved orbits of a locally quasi-compact, almost Hausdorff G-space.
Proposition 15 (J. Glimm and M. Rieffel). Let G be a σ-compact, locally compact group and X a locally quasi-compact, almost Hausdorff G-space. For every x ∈ X there are equivalent:
1. The orbit G·x is locally closed in X.
2.
G·x is a G δ -subset of its closure.
3. G·x is a Baire space in the relative topology of X.
4.
G·x is a homogeneous space.
5.
G·x is locally compact in the relative topology of X.
Proof. If the orbit G·x is locally closed, then G·x is a relatively open subset and hence a G δ -subset of its closure G·x. This proves 1. ⇒ 2. If G·x is a G δ -subset of G·x, then G·x is a Baire space by part 3. of Lemma 11 because the closed subspace G·x is locally quasi-compact and almost Hausdorff. Thus 2. ⇒ 3. For 3. ⇒ 4. we resort to the open mapping theorem using that G is σ-compact. Next we prove 4. ⇒ 5. Suppose that G·x is a homogeneous space. Since G is locally compact and G x is a closed subgroup of G by Lemma 2, it follows that G·x ∼ = G/G x is locally compact. Finally 5. ⇒ 1. follows from Proposition 14.
In Proposition 15 we encounter two different types of properties: The conditions G·x is locally closed / a G δ -subset of its closure concern the way in which G·x is situated in the space X and hence the topological relation between different orbits. On the other hand the conditions G·x is a Baire space / a homogeneous space / locally compact are properties of a single orbit.
As a variant of the preceding considerations we state Lemma 16. Let G be a σ-compact group and X a G-space such that all closed subspaces of X are Baire. If x ∈ X such that G·x is locally closed, then G·x is a homogeneous space.
Proof. Suppose that G · x is locally closed so that this orbit is an open subset of its closure. Since G·x is Baire, it follows from part 1. of Lemma 11 that G·x is Baire. For G is σ-compact, Theorem 12 implies that G·x is a homogeneous space.
Note that the assumption that closed subspaces of X are Baire does not suffice to prove the implication 2. ⇒ 3. of Proposition 15.
The next proposition contains the essential step in the proof of Glimm's theorem. For the convenience of the reader we reproduce Glimm's beautiful argument which can be found in [3] .
Proposition 17 (Existence of a slice-like neighborhood). Let X be a G-space of a locally compact group such that all G-orbits in X are homogeneous spaces. Assume that X is second-countable, locally quasi-compact, and almost Hausdorff. Then 
For every non-empty, open subset V of X and every e-neighborhood N of G, there exists a non-empty, open subset
Proof. 
Since X is almost Hausdorff, we can assume that V is Hausdorff. For X is second countable, there is a basis {W n : n ≥ 1} of the topology of X.
By induction we can choose elements g n ∈ G and compact subsets E n ⊂ V with non-empty interior such that the following conditions are satisfied:
We shall explain the details: Assume that E 1 , . . . , E n−1 are given such that the conditions (a)-(c) hold true. If E n−1 ∩ W n = ∅, then W n has a non-empty intersection with the interior • E n−1 of E n−1 so that there exist an element g n ∈ G
and a non-empty, open subset U n ⊂
• E n−1 ∩ W n such that g n ·U n ⊂ • E n−1 ∩ W n and N ·U n ∩ g n ·U n = ∅ by the defining property of V and N . Since X is locally quasi-compact, we can choose a compact subset E n ⊂ U n with non-empty interior which, by definition, satisfies (a)-(c). On the other hand, if E n−1 ∩ W n = ∅, we can find g n ∈ G and U n ⊂ • E n−1 non-empty, open such that N·U n ∩ g·U n = ∅. Now any compact subset E n ⊂ U n with non-empty interior satisfies our requirements.
Since E 1 is compact and E n is a decreasing sequence of non-empty closed subsets of E 1 , there exists a point x ∈ ∞ n=1 E n by the finite intersection property. Now condition (a) and (c) imply g n ·x −→ x, and (b) implies g n ·x ∈ N ·x. Thus N ·x cannot be an x-neighborhood of G·x, in contradiction to the assumption that all G-orbits are homogeneous spaces. This proves assertion 1.
2. Given N and V , we fix a non-empty, open Hausdorff subset W 2 ⊂ V , which is possible because X is almost Hausdorff. Further we choose a non-empty, open subset
Here we use the fact that G is locally compact. Further it follows form part 1. that there exist a non-empty, open subset U ⊂ W 1 with the following property:
arbitrary such that g·x ∈ U . If {U n : n ≥ 1} is a basis of x-neighborhoods, then g·U n ⊂ U for large n, and thus L·U n ∩ g·U n = ∅ by definition of U . Hence there exist h n ∈ L and x n , y n ∈ U n such that g·x n = h n ·y n . Since L is compact, we can assume that h n −→ h converges in L. Since W 2 is Hausdorff and x n , y n −→ x, we see that g·x = lim n−→∞ g·x n = lim n−→∞ h n ·y n = h·x lies in L·x ∩ U , which completes the proof.
We shall give a further explanation of condition 2 : For any open subset V of X and any e-neighborhood N of G there is an open subset U of V such that N·x ∩ U = G·x ∩ U for every x ∈ U . In Glimm's own words: N acts locally as transitive as G does. One should think of U as a prolate open subset which is transversal to the orbits passing through V and whose width becomes arbitrarily small as N shrinks to {e}. The orbit picture in U is similar to that close to a slice through a principal point (of a proper G-space).
Now we present a reformulation of Glimm's theorem characterizing nice behaviour of G-spaces, see Theorem 1 of [3] . In contrast to the original proof we shall avoid measure theoretical arguments involving the Borel structure of the orbit space X/G and quasi-invariant ergodic measures on X.
Theorem 18 (James Glimm, 1961). Let G be a σ-compact, locally compact group and X a second countable, locally quasicompact, almost Hausdorff G-space. Then there are equivalent:
1. X/G is almost Hausdorff.
2. X/G is a T 0 -space.
3. Every orbit is a homogeneous space.
Proof. The implication 1. ⇒ 2. follows from part 1. of Lemma 8. For 2. ⇒ 3. we assume that X/G is a T 0 -space. Let π : X → −→ X/G denote the projection onto the orbit space which is an open map. Since X and hence X/G are first countable, the point G·x of X/G has a countable neighborhood basisU n . For X/G is T 0 , we obtain {G·x} = ∞ n=1U n ∩ {G·x} -. This implies that
is a G δ -subset of its closure. As G is σ-compact and X is locally quasi-compact and almost Hausdorff, Proposition 15 implies that G·x is a homogeneous space.
Next we verify 3.⇒1. We must prove that any non-empty closed subsetȦ of the orbit space X/G contains a non-empty relatively open Hausdorff subsetẆ . Since A = π −1 (Ȧ) is G-invariant and closed, it is clear that A is a second countable, locally quasi-compact, almost Hausdorff G-space satisfying 3. First we choose a non-empty relatively open Hausdorff subset W 2 of A. Fix a compact e-neighborhood N of G and a non-empty relatively open subset W 1 of W 2 such that N · W 1 ⊂ W 2 . By applying Propostion 17 to the G-space A we find a non-empty relatively open subset U of W 1 such that N ·x ∩ U = G·x ∩ U for all x ∈ U . Finally we define W = G·U which is relatively open in A. Suppose thatẆ = π(W ) is not Hausdorff so that there exist points x, y ∈ W such that G · x = G · y cannot be separated by disjoint G-invariant open neighborhoods. For X is first countable, we find open sets X n , Y n ⊂ U such that {x} = ∞ n=1 X n and {y} = ∞ n=1 Y n . By assumption we have G · X n ∩ G · Y n = ∅ so that there exist elements x n ∈ X n , y n ∈ Y n , g n ∈ G such that x n = g n · y n . Using N ·y n ∩ U = G·y n ∩ U we can even find h n ∈ N such that x n = h n ·y n . Since N is compact, we can assume that h n −→ h converges in N . This implies
h n ·y n = h·y and hence G · x = G · y, a contradiction. ThusẆ = π(W ) must be Hausdorff. This proves X/G to be almost Hausdorff. The proof of Glimm's theorem is complete.
In retrospect, Glimm's merit is the ingenious proof of Proposition 17 which implies that X/G is almost Hausdorff provided that all orbits are homogeneous spaces.
Lemma 19. Let G be a σ-compact group and X a G-space such that all closed subspaces of X are Baire. If X/G is almost Hausdorff, then every orbit is a homogeneous space.
Proof. Suppose that X/G is almost Hausdorff. By part 1. of Lemma 8 singletons are locally closed in X/G so that {G·x} is relatively open in {G·x} -. Let π : X → −→ X/G be the projection. Then G · x = π −1 ({G · x}) is relatively open in its closure G·x ⊂ π −1 ({G·x} -) which means that G·x is locally closed. Now Lemma 16 implies that G·x is a homogeneous space.
Glimm's motivation was to study group actions on primitive ideal spaces of C * -algebras, which are non-Hausdorff in general: Let (G, A) be a covariance system, i.e., a locally compact group G acting strongly continuous as a group of isomorphisms on a (not necessarily postliminal) C * -algebra A. If X = Prim A is endowed with the Jacobson topology, then Prim A is locally quasi-compact and closed subspaces of Prim A are Baire by Choquet's theorem. Further Prim A becomes a G-space in a natural way. Consequently Lemma 19 applies: If G is σ-compact and Prim A / G is almost Hausdorff, then all orbits in Prim A are homogeneous spaces. If in addition A is separable and postliminal, then Prim A is second countable and almost Hausdorff. In this case the implication 3. ⇒ 1. of Theorem 18 holds true: If all orbits in Prim A are locally closed, then Prim A / G is almost Hausdorff.
Applications in harmonic analysis
Next we prove a variant of the following well-known result: Let N be a second countable closed normal subgroup of a locally compact group G. Since G acts on N and hence on C * (N ) by conjugation, N becomes a G-space. Suppose that N is of type I and that all orbits of N are locally closed. Then for every irreducible representation π of G there exists a unique orbit G·σ of N such that π | N is weakly equivalent to G·σ.
Let (G, A) be a covariance system. The associated C * -covariance algebra C * (G, A) is defined as follows: Let C 0 (G, A) be the * -algebra of A-valued continuous functions with compact support, with norm
and multiplication
Then C * (G, A) is defined as the completion of C 0 (G, A) with respect to the norm
Note that A acts on C * (G, A) by (a * f )(x) = a x f (x) and (f * a)(x) = f (x)a as an algebra of left and right multipliers respectively. In particular a * (b * f ) = (a * f ) * g, (ab) * f = a * (b * f ), and (a * f ) * = f * * a * . Furthermore G acts isometrically and strongly continuously on
The operators λ(z) and ρ(z) are left and right multipliers respectively. Note that (f * g) z = f z * g z and (a * f ) z = a z * f z for all f, g ∈ C * (G, A), a ∈ A, and z ∈ G.
Let I be a two-sided closed ideal of C * (G, A). Using that C * (G, A) has approximate identities we conclude A * I ⊂ I and I * A ⊂ I. Further I turns out to be λ(G)-and ρ(G)-invariant which implies I z = I for all z ∈ G.
In the sequel all ideals are assumed to be two-sided and closed.
For every ideal I of C * (G, A) we define
the restriction of I to A. Clearly res(I) is a closed, two-sided, and G-invariant ideal of A because a z * C * (G, A) = (a * C * (G, A)) z ⊂ I z = I for all a ∈ res(I) and z ∈ G.
Conversely, if J is an ideal of A, then the extension of J from A up to
is non-empty and open. Clearly W = G·V = ∅ is G-invariant and open. We prove that W is Hausdorff: Let y 1 = y 2 be in W . Then y 1 = g ·x 1 for some x 1 ∈ V and g ∈ G, and x 2 = g −1 ·y 2 ∈ g k ·U for some 1 ≤ k ≤ n. Since g k ·U is Hausdorff and V ⊂ g k ·U , there are disjoint open neighborhoods X 1 and X 2 of x 1 and x 2 respectively. Finally g·X 1 and g·X 2 are disjoint open neighborhoods of y 1 and y 2 which proves W to be Hausdorff. Now we are able to prove Lemma 27. Let G be a compact group and X an almost Hausdorff G-space. Then all orbits are homogeneous spaces and locally closed in X. Further X/G is almost Hausdorff.
Proof. First we prove that X/G is almost Hausdorff: Let A be a G-invariant closed subset of X. Clearly A contains a relatively open dense Hausdorff subset U . By the preceding lemma it follows that A contains a non-empty, G-invariant, relatively open Hausdorff subset W . We claim that W/G is Hausdorff: If not, then there are points x and y of W such that G · x = G · y cannot be separated by disjoint G-invariant neighborhoods. We choose nets X λ and Y λ of neighborhoods of x and y respectively such that {x} = λ∈Λ X λ and {y} = λ∈Λ Y λ . For every λ ∈ Λ we find x λ ∈ X λ , y λ ∈ Y λ , and g λ ∈ G such that x λ = g λ · y λ because G · X λ ∩ G · Y λ = ∅. Since G is compact, there is a subnet g λν which converges to g ∈ G. Using that limits are unique in the Hausdorff subset W we conclude Finally we verify that all orbits are homogeneous spaces. Let x ∈ X be arbitrary. Since X/G is almost Hausdorff, there exists a non-empty, G-invariant, relatively open Hausdorff subset W of G·x such that W/G is Hausdorff. This implies that G·x = W is Hausdorff and locally closed. In particular G·x is a homogeneous space.
As a consequence of these results and Proposition 24 we obtain the following result.
Corollary 28. Let (G, A) be a covariance system where G is a compact group and A is a C * -algebra such that Prim A is almost Hausdorff. Then for every prime ideal P of C * (G, A) there exists a unique orbit G·Q of Prim A such that res(P ) = k(G·Q).
